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Realizability of singular levels of Morse functions
by unions of geodesics
I.Shnurnikov 1
Abstract. We list special graphs of degree 4 with at most 3 vertices (atoms from the theory of integrable hamiltonian
systems) which could be represented by a union of closed geodesics on the one of the following surfaces with metric of
constant curvature: sphere, projective plane, torus, Klein bottle.
In the integrable hamiltonian systems theory classifying problems are sometimes solved in terms
of neiboughoods of singular levels of functions. A.T. Fomenko introduced notions of ”3–atom” and
”2–atom” to study the topology of Liuville foliation see [1], [2] and [3]. Atoms are used in the dinamic
systems theory, groups of symmetries of atoms were stydied in [4].
Definition 1. Let G be a two–dimensional compact closed surface, K is a connected finite graph of
degree 4, immersed into G. The complement G\K is homeomorphic to the union of discs (cells), which
could be colored in two colours so that each edge of the graph in incident to cells of different colours.
We define atom to be a pair (G,K) up to homeomorphism of pairs (which maps graph into graph).
Advanced atom is a pair (G,K) with fixed coloring of cells into white and black up to homeomorphism
which maps cells into the cells of the same color.
Definition 2. An Atom (G,K) is called geodisic if on G there exist a metric of constant curvature such
that K could be represented by union of closed geodesics.
There is one-to-one correspondence between advanced atoms and cell decompositions of two–dimensional
closed surfaces with immersions of finite graphs, see [5, v. 1, §2.7.7]. Graph vertices could have arbitrary
degree and decompositions are up to homeomorphism. For every atom it is possible to find a metric
on its surface so that the graph K would be represented by union of closed geodesics. A.T. Fomenko
in 2011 asked what are geodesic atoms with few vertices. In denotations of [5] atom C2 on the sphere,
B˜ on the projective plane, C1 and E1 on the torus are geodesic, atom B on the sphere is’t geodesic.
We will say that a way along closed curve (with selfintersections) on a two–dimensional surface changes
local orientation if a pair of orthogonal vectors, first of which is tangent to the curve, after continuos
deformation along the curve will change the direction of the second vector.
Proposition 1. If a geodesic atom is represented by the union of closed geodesics γ1, . . . , γn, then
their intersection points are simple. A way along closed curve γi changes orientation iff the number of
intersection points of γi with the other geodesics is odd (points of selfintersection of γi are not counted
).
Proposition 2. (a) A set of n ≥ 2 big circles in the sphere S2 form a geodesic atom iff the circles are
in general position.
(b) A set of lines in the projective plane RP2 form a geodesic atom iff the number of lines is even
and they are in general position.
Proof. From proposition 1 we see that curves are in general position. A way along the line in the
projective plane changes the local orientation so by proposition 1 the number of lines is even. Let us
prove by induction on n that these conditions are sufficient. We will form an arrangement by adding
circles one after another and change color in all cells on the one side of new circle. For projective
plane we fix first line and then change color in all cells on one side of a new line in the disc which is a
complement in the plane to the first line of the arrangement. 
1NRU HSE, shnurnikov@yandex.ru
1
Definition 3. An admitable pair (M,Γ) is a connected two–dimensional compact surface M without
boundary and the union Γ of a finite set of closed smooth curves onM , which intersect (and selfintersect)
transversally so that every intersection points belongs to two curves with multiplicities of selfintersection.
We alsoo require that Γ is connected and contains at least one intersection point.
Let us consider a closed piece–linear curve g ⊂ Γ with vertices in points of intersections of curves
and with edges on the curves on an admitable pair (M,Γ). Edges could pass through other intersection
points, and in each its own vertex the curve g turns left or right. For every closed curve g let us denote
by u(g) the number of points of intersection and selfintersection, which are different from the vertices
of g (i.e. u(g) equals to the number of intersection points, in which g doesn’t turn).
Statement 1. An admitable pair (M,Γ) is an atom iff for every nonselfintersecting curve g ⊂ Γ a way
along G changes local orientation then and only then, when u(g) is odd.
Proof. Let pair (M,Γ) is an atom with fixed coloring of cells and let g ⊂ Γ be a closed nonselfintersecting
curve. Let us choose a point P ∈ g and local orientation near point P . Let us start a way along g from
P and check the color of cell incident to the current edge of way on the right. After passing across the
intersection point u, which is not a vertex of g, the color changes. After passing near intersection point
u, which is a vertex of g, the color doesn’t change.
Now we need to color cells in right order to prove the sufficient condition. We will color the regular
neighbourhood Γ in M by two operations:
(1) If the neighbourhood of an edge (u, v) of graph Γ is colored on both sides then we color the
neighbourhood of vertices v (or u).
(2) If the neighbourhood of a vertex v ∈ Γ is colored, then we color correspondingly the neighbour-
hood of edges incident to v.
It is easy to see that we will have no contradictions due to sufficiency condition. 
Corollary 1. If a finite set of n ≥ 2 closed geodesics in the two–dinensional torus T 2 is a geodesic
atom, then every geodesic contain nonzero even number of intersection points with other geodesics.
Proposition 3. (a) Suppose that I ( γ is a segment on selfintersecting geodesic γ on the Klein bottle
KL2 and the endpoints of I are in the point of selfintersection. Then the way along I changes local
orientation.
(b) The boundary of the cell of geodesic atom on the Klein bottle cannot consist of one loop.
(c) Let the point of selfintersection of geodesic γ divides it on two closed curves g1 and g2 Then g1
contains the odd number of intersection points with other geodesics and with g2.
Corollary 2. One closed selfintersecting geodesic on KL2 with odd number of points of selfintersection
cannot form a geodesic atom.
Theorem 1. Among 40 atoms on sphere S2, torus T 2, projective plane RP2 and Klein bottle KL2
which graphs has at most 3 vertices, geodesic are the following: C2 on S
2, B˜ on RP2, C1 and E1 on T
2,
C˜2, D˜2, E˜4 and G˜3 on KL
2.
Proof. Let us give all examples of geodesic atoms. Atom B˜ on RP 2 is formed by 2 projective lines.
Atom C2 on S
2 is formed by 2 big circles. Graph of atom C1 consists of a parallel of torus and a geodesic
which pass twice along the meridian and once along the parallel. Graph of E1 consists of a parallel,
meridian and a diagonal (1,1) of torus.
Graph of C˜2 consists of one closed geodesics with two points of selfintersecion, graph of atom D˜2
consists of a parallel (not changing the orientation) and two meridians (changing the orientation), graph
of E˜4 consists of parallel and selfintersecting in one point geodesic, graph of G˜3 consists of two meridians
and selfintersecting in one point geodesic.
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Figure 1: Atoms C˜2 (left) and D˜2 on the Klein bottle
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Figure 2: Atoms E˜4 (left) and G˜3 on the Klein bottle
In [5, v.1, ch.2] there is a list of atoms with at most three vertices. Atoms
B,D1, D2, E3, F2, G1, G2, G3, H1, H2 on S
2 and atoms C˜1, D˜1, E˜6, F˜5, F˜6, G˜4, G˜5, G˜6, G˜7, H˜3, H˜4 onRP
2
atoms on the torus E2, F1 — are not geodesic because closed geodesics on these surfaces with metrics
of costant curvature cannot have points of selfintersection. The rest atoms are not geodesics because:
E˜3 by corollary 2; E˜5, as two simple geodesics on KL
2 cannot intersect in three points; E˜7, F˜7, as two
lines on RP2 intersects in one point; F˜3, G˜2, H˜2 by propostion 3(b); F˜4by propostion 3(c). 
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